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| ABSTRACT 

The goal of this article is to further geometric function theory by focusing on meromorphic functions and relying on the Bazilevic 

function, which represents the interactions of analytic functions. It focuses on presenting and investigating a differential operator 

for meromorphic functions. Using this operator, create meromorphic Bazilevic functions, a new subclass in the punctured unit 

disk 𝜓 =  {𝜁 ∈  ℂ: 0 <  |𝜁|  <  1}. This text also greatly expands knowledge and understanding of the meromorphic function to 

fall into this new subclass. 

| KEYWORDS 

Bazilevic functions, Meromorphic functions, Differential operator. 

| ARTICLE INFORMATION  

ACCEPTED: 01 August 2025                 PUBLISHED: 17 September 2025                 DOI: 10.32996/jmss.2025.6.4.2 

 

1. Introduction 

 

Geometric function theory is a subfield of complex analysis that studies the geometric characteristics of analytic functions. The 

foundation of complex analysis is academic research on univalent and multivalent function theory. find it fascinating because of 

its complex geometry and variety of research options. Understanding univalent functions is crucial for the complicated analysis of 

single and multiple variables. Koebe's 1907 essays served as the inspiration for this concept [12]. Bieberbach in 1916 and Gronwall 

in 1914. Additional advancements in the field, including Bieberbach's second coefficient estimate, Gronwall's Area theorem, and 

Koebe's seminal book [5], were made possible by their work. By that time, univalent function theory was an established subject of 

research. Miller, Sanford S., and Petru T. Mocanu first proposed the idea of differential subordination. The notion of differential 

subordination was first presented by Mocanu and Miller in their 2000 book [3]. In 2003, they proposed differential superordination 

as a supplementary technique [15]. Several articles link meromorphic Bazilevic functions to a linear operator in complex analysis. 

This association enables the study of these functions using the operator's properties, resulting in new criteria and characterizations 

of the functions in the class. Mathematicians like Attiy and colleagues [3], Bulboaca and Zayed [14], Oros and Oros [18]. The 

Bazilevic meromorphic functions methodology has been used extensively by Abdulnabi et al. [1], Juma [10], and others. 

 Assume that the open unit disc is represented by ψ\{0} = {𝜁 ∈ ℂ: 0 < |𝜁| < 1}, and let  Τ represent the class of meromorphic 

functions of the following form: 

  ℊ(𝜁) =
1

𝜁
+ ∑ 𝑎𝜅

∞
𝜅=2 𝜁𝜅 ,    (𝜅 = 1,2, … )                                                                (1) 

which are normalized with ℊ(0) = 0 and ℊ′(0) = 1 and are analytic in the open unit disk. 

If a function ℊ(𝜁) satisfies the following criteria, it is said to as meromorphic starlike of order 𝜂 in 𝜓: 

−ℛ𝑒 {
𝜁ℊ(𝜁)́

ℊ(𝜁)
} > 𝜂, (𝜁 ∈ 𝜓, 0 ≤ 𝜂 < 1).  
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Additionally, if a function ℊ(𝜁) satisfies the following criteria, it is referred to as meromorphic close to convex order 𝜂 in 𝜓. 

−ℛ𝑒 {
𝜁(ℊ(𝜁))́

𝑓(𝜁)
} > 𝜂, (𝜁 ∈ 𝜓, 0 ≤ 𝜂 < 1).   

The differential operator defined on space Τ, is now introduced as follows (see [11]):  

ℋ𝜉,𝜇
𝜈,𝜌

:Τ ⟶ Τ  

ℋ𝜉,𝜇
𝜈,𝜌

 ((ℊ(𝜁))
𝜏
) = (ℊ(𝜁)𝜏). 

ℋ1 =
(𝜌− 𝜉)𝜁

𝜇+𝜌
ℋ + (

1−(𝜌− 𝜉)

𝜇+𝜌
)  

ℋ𝜉,𝜇
1,𝜌

((ℊ(𝜁))
𝜏
) = ℋ1(ℋ𝜉,𝜇

0,𝜌
((ℊ(𝜁))

𝜏
)) = ℋ1[𝜁𝜏 + ∑ 𝑎𝜅(𝜏)∞

𝜅=2 𝜁𝜏+𝜅−1]  

ℋ𝜉,𝜇
1,𝜌

((ℊ(𝜁))
𝜏
) = (

1+(1−𝜏)(𝜌− 𝜉)

𝜇+𝜌
)

1
𝜁𝜏 + ∑ (

1+(𝜅−𝜏)(𝜌− 𝜉)

𝜇+𝜌
)

1
𝑎𝜅(𝜏)∞

𝜅=2 𝜁𝜏+𝜅−1  

ℋ𝜉,𝜇
𝜈,𝜌

((ℊ(𝜁))
𝜏
) = ℋ1 (ℋ𝜉,𝜇

1,𝜌
((ℊ(𝜁))

𝜏
)) = (

1+(1−𝜏)(𝜌− 𝜉)

𝜇+𝜌
)

2

𝜁𝜏 + ∑ (
1+(𝜌− 𝜉)(𝜏+𝜅−2)

𝜇+𝜌
)

2

𝑎𝜅(𝜏)∞
𝜅=2 𝜁𝜏+𝜅−1.  

In general, we have 

ℋ𝜉,𝜇
𝜈,𝜌

((ℊ(𝜁))
𝜏
) = ℋ1(ℋ𝜉,𝜇

𝜈−1,𝜌
((ℊ(𝜁))

𝜏
))  

=
1

𝜁
+ (

1+(1−𝜏)(𝜌− 𝜉)

𝜇+𝜌
)

𝜈

𝜁𝜏 + ∑ (
1+(𝜌− 𝜉)(𝜏+𝜅−2)

𝜇+𝜌
)

𝜈

𝑎𝜅(𝜏)∞
𝜅=2 𝜁𝜏+𝜅−1.                  (2) 

where  (𝜇 > 0, 𝜉, 𝜌 ≥ 0, 𝜈 ∈ 𝑁0 =  𝑁 ∪ {0};  𝜏 > 0, 𝜁 ∈ 𝜓). 

Complex analysis, Bazilevic functions are an important subclass of univalent analytic functions. I. E. Bazilevic, a Soviet 

mathematician, first proposed it in 1955 [13]. Exploring larger families of univalent functions that display intricate angular 

distortions and rotational behaviors was the original driving force behind Bazilevic functions. By combining geometric and 

analytical methods, the Bazilevic construction method opened up new avenues for the study of conformal and quasi-conformal 

mappings. Since their debut, mathematicians have become more interested in Bazilevic functions because of their rich structure 

and broad range of applications in geometric function theory. Researchers have expanded the theory over the years, investigated 

a number of subclasses, and looked at how they behaved under various operators and transformations. Bazilevic functions are still 

being studied today, and they have applications in computational mathematics and mathematical modeling in addition to pure 

mathematics fields like differential equations, geometric mapping theory, and functional analysis. Their enduring significance 

highlights their fundamental contribution to the evolution of contemporary complex analysis, see([8],[18],[19],and [20]). He 

presented and examined this function as follows: 

ℊ(𝑧) =  {
𝜉 

1 + 𝜀2 
∫ (ℎ(𝑣) −  𝑖𝜀)𝑣

−(1+
 𝑖𝜉𝜀

1+ε
2

   
)𝑧 

0 
𝑔(𝑣)

𝜉 

1+ε2  𝑑𝑣}

1+𝑖𝜀 

𝜉

,                                (3) 

where the function  ℎ(𝑣) belongs to Τ and 𝑔(𝑣)belongs to starlike function, with 𝛽 > 0. 

Next, use the differential operator to define a class of Bazilevic functions (see [10]). 

Definition 1.1. A function ℊ(𝜁)𝜏 is called Bazilevic meromorphic and order η, if it satisfies the following: 

−ℛ𝑒 {
𝜁 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝜁)𝜏)

´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
1−ℑ

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝜁)𝜏)
ℑ} > 𝜂,                                                               (4) 

where  (ℑ ≥ 0, 0 ≤ 𝜂 < 1, 𝜈 ∈ ℕ0, 𝜌 ≥ 0, 𝜁 ∈ 𝜓) . 

The following observation can be made using Definition 1.1: 

The class ℬ𝜉,𝜇
𝜈,𝜌(ℓ, ℒ, 𝜂) is a generalization of previously proposed classes. Giving explicit attributes to ℒ and 𝜈 for this class, we obtain 

the following subclasses: 

I. In the class ℬ𝜉,𝜇
𝜈,𝜌(ℓ, ℒ, 𝜂), if ℒ = 0, 𝜈 = 0 and ℑ = 0, then we obtain 
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−ℛe {
ζ(ℊ(ζ))́

ℊ(ζ)
} > 𝜂,  

it was first introduced in [16] and reduced to the class Τ𝑠∗(𝜂). 

II. In the class 𝐵𝜉,𝜇
𝜈,𝜌(ℓ, ℒ, 𝜂) , if ℒ = 0,𝜈 = 0 and ℑ = 0 then we obtain 

−ℛ𝑒 {
𝜁((ℊ(𝜁)))

́

𝑓(𝜁)
} > 𝜂,  

it was first introduced in [4] and reduced to the class 𝛵𝑠(𝜂). 

2. Preliminaires 

  

The following lemmas are necessary for you to discuss the main results.  

Lemma 2.1. [9] Let ℳ be an analytic function in unit disk 𝜓 with ℳ(0)  =  0. If |ℳ(𝑧)| attains its maximum quantity on 

|𝜁| = 𝜐 < 1 at 𝜁0 ∈ 𝜓, then 𝜁0ℳ′(𝜁0) = 𝑘ℳ(𝜁0), where 𝑘 ∈ ℝ and 𝑘 ≥1. 

Lemma 2.2. [14] Let Ρ ⊂ ℂ and assume that 𝜑(𝜁): ℂ2 × 𝜓 ⟶ ℂ that satisfies𝛷(𝑖𝑥, 𝑦; 𝜁) ∉ Ρ for all 𝜁 ∈ 𝜓, and for all 𝑥, 𝑦 ∈ ℝ  

such that 𝑦 ≤ −(1 + 𝑥2)/2. It 𝑞(𝑧) = 1 + 𝑞1𝜁 + 𝑞2𝜁2 + ⋯ is an analytic function and 𝜑(𝑞(𝜁), 𝜁𝑞′(𝜁); 𝜁) ∈ Ρ for all 𝜁 ∈ 𝜓,  then 

ℛ𝑒{𝑞(𝜁)} > 0.  

Lemma 2.3 [7] Let Ω be an analytic function with Ω(0) = 1. Suppose that there exists 𝜁0 ∈ 𝜓 such that ℛ𝑒{Ω(𝜁)} >

0 (𝜁| < |𝜁0|), ℛ𝑒{Ω(𝜁0)} = 0 and Ω(𝜁) ≠ 0. Then we have Ω(𝑧) = 𝑖𝑐(𝑐 ≠ 0) and 
𝜁0Ω´(𝜁0)

Ω(𝜁0)
= 𝑖

𝜅

2
(𝑐 +

1

𝑐
), where 𝜅 is a real number with 𝜅 ≥ 1. 

 

3. Main Results 

Theorem 3.1. Let 0 ≤  𝜑 < 1 and 0 ≤ ℑ < 1. If (ℊ(𝜁) )𝜏 ∈ Τ satisfies the following inequality 

ℛ𝑒{
𝜁 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝑧)𝜏)

´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
1−ℑ

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
ℑ [1 +

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´ − (1 − ℑ)𝜁

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
 −ℑ𝜁

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
]}> 𝜑 (𝜑 +

1

2
) + (𝜑(ℑ − 1) −

1

2
). 

Then (ℊ(𝜁))
𝜏

∈ ℬ𝜉,𝜇
𝜈,𝜌(ℓ, ℒ, 𝜑). 

Proof. The definition of the function Ε(𝜁) is 

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
1−ℑ

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
ℑ = −𝜑 + (𝜑 − 1)Ε(𝜁),                                                   (5) 

such that the analytic function Ε(𝑧) = 1 + Ε1𝜁 + Ε2𝜁2+. ..  

Now, when we differentiate (5) logarithmically with regard to 𝜁, we get 

𝜑 + (𝜑 − 1)Ε(𝜁)( 1 −
𝜁 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝑧)𝜏)

´´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´  +(1 − ℑ)

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
+ ℑ

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
) 

= (ℑ − 1)(𝜑 + (1 − 𝜑)Ε(𝜁)) + (1 − 𝜑)𝜁Ε´(𝜁).                                                   (6) 

From (5) and (6), we obtain 

(
𝜁 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝑧)𝜏)

´

(ℋ
𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
1−ℑ

(ℋ
𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
ℑ) (1 −

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´´

(ℋ
𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´ + (1 − ℑ)

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
+ ℑ

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
) = (ℑ − 1)(𝜑 + (1 − 𝜑)Ε(𝜁) + (1 − 𝜑)𝜁 Ε´(𝜁).  (7) 

Using the same method as in (7), we obtain 

(
𝜁 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝑧)𝜏)

´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
1−ℑ

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
ℑ)

2

(−
𝜁 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝑧)𝜏)

´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
1−ℑ

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
ℑ)  

(1 −
𝜁 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝑧)𝜏)

´´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´ + (1 − ℑ)

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
+ ℑ

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
)  

= (1 − ℑ)𝜁Ε´(ζ) + (1 − 𝜑)2Ε2(𝜁) + (1 − 𝜑)[2𝜑 + (ℑ − 1)]Ε (𝜁) + 𝜑2 + 𝜑(ℑ − 1).                                                                                (8) 

= ℱ(Ε(ζ), ζΕ´(𝜁); 𝜁),  

where  

ℱ(𝑚, 𝑛; 𝜁) = (1 − ℑ)𝑛 + (1 − 𝜑)2𝑚2 + (1 − 𝜑)[2𝜑 + (ℑ − 1)]𝑚 + 𝜑2 + 𝜑(ℑ − 1).  
ℛ(ℱ(𝑖𝜒, 𝑦; 𝜁) = (1 − ℑ)𝑦 − (1 − 𝜑)2 𝜒2 + 𝜑2 + 𝜑(ℑ − 1) + 𝜑(ℑ − 1) 

≤ −
1

2
(1 − ℑ)(1 + 𝜒2) − (1 − 𝜑)2𝜒2 + 𝜑2 + 𝜑(ℑ − 1) + 𝜑(ℑ − 1) 

= −
1

2
(1 − 𝜑) − (1 − 𝜑)(

1

2
(1 − 𝜑)𝜒2 + 𝜑(ℑ − 1) + 𝜑2. 

Assume that Κ = {𝜅: ℛ(𝜔) > 𝜑 (𝜑 +
1

2
) + (𝜑(ℑ − 1) −

1

2
}. 

Then   ℱ(𝛦(𝜁), 𝜁𝛦´(𝜁); 𝜁) ∈ Κ and 𝐹(𝑖𝜒, 𝑦; 𝜁) ∉ Κ.  
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By applying Lemma 2.2, we have ℛ𝑒(Ε(𝜁)) > 0, that is (𝑔(𝜁))
𝜏

∈ ℬ𝜉,𝜇
𝜈,𝜌(ℓ, ℑ, 𝜑). 

The proof is complete. 

With ℑ = 0, 𝜈 = 0, and 𝜑 = 0, we apply Theorem 3.1 to get the following outcome: 

Corollary 3.2. If  (ℊ(𝜁) )𝜏 ∈ Τ satisfies the following inequality 

ℛ𝑒{
𝜁 (ℊ(𝑧)𝜏)´

(ℊ(𝑧)𝜏)
[1 +

𝜁 (ℊ(𝑧)𝜏)´´

(ℊ(𝑧)𝜏)´
−

𝜁2 (ℊ(𝑧)𝜏)´

(ℊ(𝑧)𝜏)
 ]}> −

1

2
, 

then (ℊ(𝜁))
𝜏

∈ ℬ𝜉,𝜇
0,𝜌(ℓ, 0,0). 

For ℑ = 1, 𝜑 = 1, and 𝜈 = 0, Theorem 3.1 gives. 

Corollary 3.3.  If (ℊ(𝜁) )𝜏 ∈ Τ satisfies the following inequality 

ℛ𝑒{
𝜁 (ℊ(𝑧)𝜏)´

(ℊ(𝑧)𝜏)
[1 +

𝜁 (ℊ(𝑧)𝜏)´´

(ℊ(𝑧)𝜏)´
− 𝜁2  (ℊ(𝑧)𝜏)´

(ℊ(𝑧)𝜏)
]}> 1, 

then ℊ(𝜁)𝜏  ∈ ℬ𝜉,𝜇
0,𝜌(ℓ, 1,1). 

Theorem 3.4.  If (ℊ(𝜁) )𝜏 ∈ Τ and satisfies the following inequality. 

ℛ𝑒{(1 − ℑ)
𝜁 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝜁)𝜏)

´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
− ℑ

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝜁)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝜁)𝜏)
+

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
´´

(ℋ
𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
´ }< 2(1 − ℑ) − 𝜑, 

then 

−ℛ𝑒 {
𝜁 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝑧)𝜏)

´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
1−ℑ

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
ℑ} > 𝜂  

=
1

1+(1−ℑ)−2𝜑
, (𝜁 ∈ 𝜓).  

where 0 ≤ ℑ < 1 and 
2(1−ℑ)−1)

2
≤ 𝜑 < 1 − ℑ. 

Proof. The definition of the function Ω(𝑧) in 𝜓 is as follows: 

−
𝜁 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝑧)𝜏)

´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
1−ℑ

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
ℑ = η + (1 − η)Ω(𝜁).                                    (9) 

With η =
1

1+2(1−ℑ)−2𝜑
.  

Given that Ω(0) = 1, it follows that Ω(𝜁) is analytic in 𝜓.  

(1 − ℑ)
𝜁 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝜁)𝜏)

´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
− ℑ

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝜁)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝜁)𝜏)
+

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
´´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
´   

  = (1 − ℑ) − ℑ
𝜁Ω´(𝜁)(𝜂−1)

𝜂+(1−𝜂)Ω(𝜁)
                                                                                  (10) 

If 𝜁0 ∈ 𝜓, then ℛ𝑒{Ω(𝜁)} > 0, (|𝜁| < |𝜁0|), ℛ𝑒{Ω(𝜁0)} = 0, Ω(𝜁) ≠ 0. 

Thus, using Lemma 2.3, we have Ω(𝜁) = 𝑖𝑐 (𝑐 ≠  0), and 
𝜁0Ω´(𝜁0) 

Ω(𝜁0)
= 𝑖

𝜅

2
(𝑐 +

1

𝑐
) . (𝜅 ≥ 1)  

Thus, we might deduce that 

(1 − ℑ)
𝜁0(ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝜁0)𝜏)

´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁0)𝜏)
− ℑ

𝜁0(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝜁0)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝜁0)𝜏)
+

𝜁0(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁0)𝜏)
´´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁0)𝜏)
´   

  = (1 − ℑ) − ℑ
𝜁0Ω´(𝜁0)(𝜂−1)

𝜂+(1−𝜂)Ω(𝜁0)
= (1 − ℑ) − ℑ

𝜅(1−ℑ)(1+𝑐2)

2(ℑ+𝑖(1−ℑ)𝑐)
 . 

Additionally, we obtain 

ℛ𝑒{(1 − ℑ)
𝜁0(ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝜁0)𝜏)

´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁0)𝜏)
− ℑ

𝜁0(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝜁0)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝜁0)𝜏)
+

𝜁0(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁0)𝜏)
´´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁0)𝜏)
´  } 

= (1 − ℑ) − ℑ
𝜅(1−ℑ)(1+𝑐2)

2(ℑ+𝑖(1−ℑ)𝑐)
  ≥ (1 − ℑ) −

𝜅(1−ℑ)

2
                                                  (12) 

≥ 2(1 − ℑ) − 𝜑.  

This contradicts what we thought. Hence, for all 𝜁 ∈ ψ, 𝑅𝑒{Ω(𝜁)} > 0. So 

−ℛ𝑒 {
𝜁 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝑧)𝜏)

´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
1−ℑ

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
ℑ} > 𝜂  

=
1

1+(1−ℑ)−2𝜑
, (𝜁 ∈ 𝜓).  

By applying Theorem 3.4 𝜑 =
(2(1−ℑ)−1)

2
, we may get 

 

Corollary 3.5. If (ℊ(𝜁) )𝜏 ∈ Τ and satisfies the following inequality 

 ℛ𝑒{(1 − ℑ)
𝜁 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝜁)𝜏)

´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
− ℑ

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝜁)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝜁)𝜏)
+

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
´´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
´ } <

2(1−ℑ)+1

2
 

then 
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−ℛ𝑒 {
𝜁 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝑧)𝜏)

´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
1−ℑ

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
ℑ} >

1

1+ℑ
,  

where 0 ≤ ℑ < 1.  

For and in Theorem 3.5, we get: 

 If ℑ = 0 and 𝜈 = 0 in Theorem 3.4, we obtain 

Corollary 3.6. If (ℊ(𝜁) )𝜏 ∈ Τ and satisfies the following inequality. 

ℛ𝑒{
𝜁 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝜁)𝜏)

´

(ℋ
𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
+

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
´´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
´ }< 2 − 𝜑. 

then 

−ℛ𝑒 {
𝜁 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝑧)𝜏)

´

ℋ
𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏
} >

1

2−2𝜑
,  

where 
1

2
≤ 𝜑 < 1. 

As a result, this corollary reduces to the outcome displayed in ([4], Corollary 2.4). 

Theorem 3.7. Let 0 ≤ Α < 1 and 0 ≤ ℑ < 1. If (ℊ(𝜁) )𝜏 ∈ Τ satisfies 

|1 + 𝜁
 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝑧)𝜏)

´´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´ − (1 − ℑ)

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´

(ℋ
𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
− ℑ

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
´

(ℋ
𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
− 𝜂 (

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
1−ℑ

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝜁)𝜏)
ℑ)| < 𝜂(1 − 𝛢) +

(1−𝛢)

(2−𝛢)
.                                            (13) 

Then (ℊ(𝜁))
𝜏

∈ ℬ𝜉,𝜇
𝜈,𝜌(ℓ, ℒ, 𝜑). 

Proof. Define ℳ(𝑧) by  

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
´

(ℋ
𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
1−ℑ

(ℋ
𝜉,𝜇
𝜈,𝜌

𝑓(𝜁)𝜏)
ℑ = −1 + (Α − 1)ℳ(𝜁),                                                (14) 

consequently, ℳ(0) = 0 and ℳ(z) is an analytic function when we logarithmically differentiate (14) in relation to 𝜁, we obtain 

1 + 𝜁
 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝑧)𝜏)

´´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´ − (1 − ℑ)

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
− ℑ

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
 =

(1−Α)𝜁ℳ ´(𝜁)

1+(1−Α)ℳ(𝜁)
.        (15) 

When we use (13) in (14), we obtain 

1 + 𝜁
 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝑧)𝜏)

´´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´ − (1 − ℑ)

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
− ℑ

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
− 𝜂 (

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
1−ℑ

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝜁)𝜏)
ℑ) = 𝜂 (1 − Α)𝛹(𝜁) +

(1−Α)𝜁ℳ ´(𝜁)

1+(1−Α)ℳ(𝜁)
.                       (16) 

Let 𝜁0 ∈ 𝜓 such that 

|ℳ(𝑧)| = |ℳ(𝜁0)|,|𝜁|<| 𝜁0| 
𝑚𝑎𝑥   

and Lemma 2.1 application, we obtain 

𝜁0ℳ(𝜁0) = κℳ(𝜁0), (κ ≥ 1)  

Putting 𝜁 = 𝜁0 in equation (16) and setting ℳ(𝜁) = 𝑒𝑖𝜃 (0 ≤ 𝜃 < 2𝜋), we obtain 

|1 + 𝜁
 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝑧)𝜏)

´´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´ − (1 − ℑ)

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
− ℑ

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
− 𝜂 (

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
´

(ℋ
𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
1−ℑ

(ℋ
𝜉,𝜇
𝜈,𝜌

𝑓(𝜁)𝜏)
ℑ)| = |𝜂(1 − Α)𝑒𝑖𝜃 +

(1−Α)𝜅𝑒𝑖𝜃

1+(1−Α)𝑒𝑖𝜃
|                         (17) 

≥ ℛ𝑒(𝜂(1 − Α) +
(1−Α)𝜅

1+(1−Α)𝑒𝑖𝜃
  

> 𝜂(1 − Α) +
(1−Α)

(2−Α)
 . 

This runs counter to our assumption (13). Thus, in 𝜓, we have |ℳ(𝜁)| < 1. Lastly, we have 

|
𝜁 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝜁)𝜏)

´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
1−ℑ

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝜁)𝜏)
ℑ + 1| = |(1 − Α)ℳ(𝜁)| = (1 − Α)|ℳ(𝜁)| < 1 − Α.  (18) 

Notice that the condition (18) is equivalent to 

−ℛ𝑒 {
𝜁 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝜁)𝜏)

´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
1−ℑ

(ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝜁)𝜏)
ℑ} > 𝜂,  

(ℊ(𝜁))
𝜏

∈ ℬ𝜉,𝜇
𝜈,𝜌(ℓ, ℒ, 𝜂). 

According to Theorem 3.7, we have for ℑ = 0, 𝜈 = 0, Α = 0 and 𝜂 = 0. 

Corollary 3.8. If (ℊ(𝜁) )𝜏 ∈ Τ satisfies the following inequality 

|1 + 𝜁
𝜁 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝜁)𝜏)

´´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
´ −

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝜁)𝜏)
| <

1

2
, 

then (ℊ(𝜁) )𝜏 ∈ Τ. 

We obtain for ℑ = 1, 𝜐 = 0, and 𝜂 = 1 in Theorem 3.7.   

As a result, this Corollary reduces to the outcome displayed in [[6], Corollary 7]. 
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Corollary 3.9. If  (ℊ(𝜁) )𝜏 ∈ Τ satisfies the following inequality 

|1 + 𝜁
 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝑧)𝜏)

´´

(ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´ −

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´

(ℋ
𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
−

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
´

(ℋ
𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
| <

(1−𝛢)(3−Α)

(2−𝛢)
.  

then (ℊ(𝜁) )𝜏 ∈ ℬ𝜉,𝜇
0,𝜌(ℓ, 1, Α). 

Additionally, when we enter Α = 0 in Corollary 3.9, we obtain 

 

Corollary 3.10. If (ℊ(𝜁) )𝜏 ∈ Τ satisfies the following  

inequality 

|1 + 𝜁
 (ℋ𝜉,𝜇

𝜈,𝜌
ℊ(𝑧)𝜏)

´´

(ℋ
𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´ −

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
´

(ℋ
𝜉,𝜇
𝜈,𝜌

ℊ(𝑧)𝜏)
−

𝜁 (ℋ𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
´

(ℋ
𝜉,𝜇
𝜈,𝜌

𝑓(𝑧)𝜏)
| <

3

2
,  

then (ℊ(𝜁))
𝜏

∈ ℬ𝜉,𝜇
0,𝜌(ℓ, 1,0). 

 

4. Conclusions  

This study investigates a Bazilevic function associated with the class of meromorphic functions in a unit disk, which is defined by 

a differential operator. We obtained numerous crucial discoveries by exploring the geometric and analytic features of these 

functions, which help to our understanding of their structure. The findings show how Bazilevic-type conditions affect the 

mapping properties and growth of meromorphic functions. These findings not only expand current theorems, but also suggest 

new directions for future research in geometric function theory, particularly in the study of differential subordinations and 

integral operators within meromorphic function classes 
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