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| ABSTRACT

Let SL,, be the finite free semilattice on X,, = {1,2,...,n} and T, be the zero-divisor graph of SL,. In this paper, we find the first
Zagreb index, second Zagreb index, and Sombor index of I, for n > 3.
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1. Introduction

Let G be a graph. A graph G consists of two pairs (V(G), E(G)), where the vertex set of G is denoted by V(G), and the edge set of
G is denoted by E(G). For any n + 1 different vertices u = vy — - — v, — v,41 = v in V(G), if there exists an edge v; — v;;4 in
E(G)for each 1<i<n, then u=v, — - —v, —v,4 =v is called a path between u and v. A graph G is called a connected
graph if there exists a path from u to v for every pair of distinct vertices u,v € V(G). If G does not have any loops or multiple
edges, then G is called a simple graph. In this paper, we only consider simple graphs. The eccentricity of a vertex v in G is
denoted by ecc(G) and defined by ecc(v) = max {d;(u,v) : u € V(G)}. The diameter of G is denoted by diam(G) and defined by
diam(G) = max {ecc(v) : v € V(G)}. The length of the shortest cycle contained in a graph G is called the girth of G and it is
denoted by gr(G). Moreover, if G does not contain any cycles, then its girth is defined as infinity. The degree of a vertex v €
V(G) is the number of vertices adjacent to v, denoted by deg; (v) . Among all degrees, the maximum degree is denoted by A(G),
and the minimum degree is denoted by §(G). Let C be a non-empty subset of V (G). If every two distinct vertices in C are
adjacent, then C is called a clique in G. The number of all the vertices in any maximal clique of G is called clique number of G. The
clique number of G is denoted by w(G). If we color all the vertices in G with the rule that no two adjacent vertices have the same
color, then the minimum number of colors needed to color of G is called chromatic number of G. The chromatic number of G is
denoted byy(G). For V' € V (G), the induced subgraph G’ = (V',E") is a subgraph of G such that E’ consists of those edges
whose endpoints are in V'. If w(H) = x(H) for every induced subgraph H of G, then G is called a perfect graph; otherwise, it is
called imperfect graph. Let D be a nonempty subset of the vertex set V(G) of G. If, for each u € V (G)\D, there exists v, € D
such that u — v, € E(G), then D is called a dominating set. The cardinality of minimum cardinality of a dominating set of G is
called dominating number of G. An independent set of a graph G is a subset of vertices V(G) such that no two vertices in the
subset represent an edge of G. The cardinality of maximum cardinality of a independent set of G is called independence number
of G. An edge coloring of a graph is an assignment of colors to the edges of G such that no two adjacent edges have the same
color. The minimum required number of colors for and the edge coloring of G is called the chromatic index of G. For |[V(G)| = n,
the adjacency matrix of G is a binary matrix of order n. The entries of the adjacency matrix are 1 if two vertices are neighbors of
each other and 0 otherwise.

The zero-divisor graph of a commutative ring is defined by Beck; however, the zero element of the ring is a vertex in Beck's
definition [2]. Subsequently, Anderson and Livingston redefined the zero-divisor graph of a commutative ring which is the
standard zero-divisor graph of a commutative ring [1]. Let R be a commutative ring and Z(R) be the set of zero-divisors of R.
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The zero-divisor graph of R is denoted by I'(R). It is an undirected graph with vertex set Z(R)* = Z(R)\{0} and distinct vertices x
and y are adjacent in I'(R) if and only if xy = 0. Anderson and Livingston proved that I'(R) is a connected graph and
diam(I'(R)) < 3 [1]. Anderson and Livingston proved that if I'(R) contains a cycle, then gr(I'(R)) < 7 [1]. Moreover, Anderson
and Livingston showed that if R is a commutative Artinian ring and I'(R) contains a cycle, then gr(I'(R)) < 4 [1].

Let S be a commutative semigroup with zero and Z(S) be the set of zero-divisors of S. Demeyer et al. defined the zero-divisor
graph of S [3]. The zero-divisor graph of S is denoted by I'(S) and it is an undirected graph with vertex set Z(S5)* = Z(5)\{0} and
distinct two vertices x and y are adjacent in I'(R) if and only if xy = 0. Demeyer et al. proved that I'(S) is a connected graph and
diam(I'(S)) < 3, and if I'(S) does not contain a cycle, then I'(S) is a connected subgraph of two star graphs whose centers are
connected by a single edge. Moreover, they showed that the number of minimal ideals of S gives a lower bound for the clique
number of I'(S) [3].

Llet n € Z* and X,, = {1,2,...,n}. Let SL, be the set consisting of all subsets of X,,, except the empty set. SL,, is a commutative
semigroup of idempotents with the multiplication A.B = AU B for A,B € SL,, and it is called the free semilattice on X,,. The
zero-divisor graph of SL, is denoted by I'(SL,,), and Toker investigated many properties of I'(SL,, ) for n = 3 in 2016 [10]. For
n > 3, Toker proved that I'(SL,) is a connected graph and diam(I'(SL,)) = 3. Moreover, the degree of any vertex, domination
number, independence number, clique number, chromatic number, and chromatic index of I'(SL,,) have been determined [10]. In
this paper, we use I, instead of I'(SL,,) for convenience.

In 1972, Gutman and Trinajestic defined the first Zagreb index of a graph [6]. Let G be a graph. The first Zagreb index of G is
denoted by M, (G), where

M;(G) = Yyey(ey(degs (V)2
The second Zagreb index of G was defined in 1975 [7], second Zagreb index of G is denoted by M,(G), where
M3(G) = Xu—ver(e) dege(W). degg (v).
Moreover, the first Zagreb index of G is equal X, _yeg(g)[dege (W) + degg (v)], which is an alternative equation [4].

In 2021, Gutman introduced the Sombor index of a graph [5]. For a graph G, the sombor index of G is denoted by SO(G) and

50(6) = Zu—UEE(G)\/(degG (W)? + (degg(v))%.
Moreover, the sombor index is one of the most recently introduced topological indices in chemical graph theory.

We refer to [8, 9] for other terms in semigroup and graph theories, which are not explained here. In this paper, we calculate the
first Zagreb index, second Zagreb index, and Sombor index of I, for n > 3. In addition, we provide an example.

2. Main Results
Let G be graph and v € V(G). Moreover, let

x(V) = Xu-ver(e) dege (W). dege (v)

yw) = Zu—veE(G)\/(de!JG (W)? + (degg ()%

Thus, it is easy to see that

M, (G) = Yu—ver) dege (). dege (v) :% Yvev(e) X(V),

S0(6) = Tu-ver(e) ([@ega @)* + (degs (1))? = Tyev(e) (V).
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Forn >3, let A€ V(I},) and |A| = k where 1 <k <n — 1. Then, degr, (v) = 2¥ — 1, and there are (Z) vertices in I, whose vertex
degrees are 2F — 1 [10]. In the following theorem, we give the first Zagreb index of I, forn > 3.

Theorem 2.1. For n > 3, we have M (I},) = 2321(}) (2F — D)2

Proof. Forn > 3, let A € V(I},) and |A| = k for 1 < k < n — 1. Since degr, (v) = 2¥ — 1 and there are (}) vertices in T,, whose
vertex degrees are 2K — 1 and M, (I},) = Zyer(r,(dege (v)? we have M, (I,) = Xp21(}) (2% — 1)2.

In the following theorem, we give the second Zagreb index of I, forn = 3.

Theorem 2.2. For n > 3, we have M,(T,) = %Zz;% TRk - 1) @R — 1) (9).

Proof. Let n > 3 and A € V(I},) where |A| = k for 1 < k <n — 1. Moreover, let
W,={AuB:A—AUB€EEI,),0=B&Aand |B|=1}

for 0 <r <k —1. Let N(A) be the set of all adjacent vertices of A in I},. It is easy to see that W, n W, = @ where a # b and
N(A) = UKZiW,. Itis clear that [W;| = (¥), and if Q € W}, then deg r,)(Q) = 2"7**" — 1. It follows that

x(A) = Tk 2k — MR - 1) (9).
Since there are (};) vertices in I, whose vertex degrees are 2¥ — 1, we conclude that
1 1 - - —
M,(,) = EZAev(rn)x(A) = EZZ:% Zf:&(ﬁ)(zk -1k — 1)(’:)

In the following theorem, we give the Sombor index of I, forn > 3.

Theorem 2.3. For n > 3, we have SO(T},) = %22;% TR BV @ - D2+ @R - 1)
Proof. Let n = 3 and 4 € V(I;,) where |A| = k for 1 < k < n — 1. Moreover, let
W,={AUB:A—AUB€EE,),0=BSAand |B|=r}

for 0 <r <k —1. Let N(A) be the set of all adjacent vertices of A in [,. It is easy to see that W, n W, = @ where a # b and
N(A) = UkZiw,. It is clear that W =(¥), and if Q €W, then degq,)(Q)=2"%7"—1 It follows that y(4)=
Yhod @k — 1)2 4 (2nk+ — 1)2(’:). Since there are (2) vertices in T, whose vertex degrees are 2* — 1, we conclude that

SO(T,) =3 Tacv(r,y Y(A) = 3 T2 TR (D) ()W RF = D7 + @5 — 12,

Example 2.4. Let I = I, and 4 be the adjacency matrix of . Then, we have

011100101 1
1011010101
1101100110
1110111000
0011000001
0101000010
1001000100
A=(011000100 0
1010010000
1100100000
0001000000
0010000000
0100000000
1000000000

OC0oco0o0O0O0 o000 OR O
OO0 000000000 R

00
00
01
10
00
00
00
00
00
00
00
00
00
00

L
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Moreover, T is isomomorphic to the following graph in Figure 1.

i
—
]

Ry

Figure 1
In addition,
M) = Zi:l(:) (2K -1)? =236

Mo(D) = 150, B (D)@ - D @4 — (%) = 642

SO =253, XE2(1) (M) (@F = 1) + @+ — 1)% = 712 + 21v/58.

T2
3. Conclusions

Studying graphs with respect to topological indices in chemical graph theory is important. Many topological indices have been
introduced, and several of them have been found to have various applications. The Sombor index has received considerable
attention in mathematics and chemistry. In this paper, we study the first Zagreb index, second Zagreb index, and Sombor index
of zero-divisor graphs of finite free semilattices.
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