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| ABSTRACT

In 1975, Voronin established the celebrated universality theorem for the Riemann zeta-function, and later, Bagchi and Gonek
independently obtained its analogue for a certain family of Dirichlet L-functions in the g-aspect. In this paper, we generalize their
results by establishing a simultaneous universality theorem for the family of Dirichlet L-functions and their derivatives in the g-
aspect. Furthermore, as an application of this simultaneous universality, we investigate the value-distribution of these functions.
Specifically, we show that for arbitrarily given complex numbers a; and open disks in the right half of the critical strip, there exists
a positive proportion of Dirichlet characters y modulo a large prime g such that the Dirichlet L-function L(s, x) and its derivatives
simultaneously have simple a;-points in the prescribed disks.
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1. Introduction and statement of results

One of the most fascinating functions in mathematics is the Riemann zeta-function {(s). The study of value-distribution for
{(s) has a long history (see [22, Chapter XI]). In 1914, Bohr and Courant [2] showed that the set {{(g, + it): T € R} is dense in C
for any fixed real number g, with 1/2 < g, < 1. Extending this result, in 1972, Voronin [23] showed that if n is a positive integer
then the set

{(0y + i1),{V(0y + iT), ..., (M (0p +iT)) EC i T ER
{(

is dense in C**! for any fixed real number g, with 1/2 < g, < 1. Here, {U)(s) denotes the j-th derivative of {(s).

Furthermore, in 1975, Voronin [24] obtained a remarkable result, which is called the universality theorem for {(s). His result
above in 1972 is a corollary of this theorem (see [10, p. 252, Theorem 2]). This theorem asserts, roughly, that any nonvanishing
analytic function can be uniformly approximated by vertical shifts of {(s). We now state it in the modern form, which is shown in
[11, p. 225, Theorem 5.2]. For a measurable set A c R, we denote the Lebesgue measure of A by meas A.

Theorem A. Let X be a compact subset of D :={s € C: 1/2 < Res < 1} such that C\X is connected. Let f (s) be a nonvanishing
continuous function on X which is holomorphic in the interior (if any) of X. Then for any € > 0 we have

o1 )
llTIr_l)glf?meas {T € [0,T]: I;neajzd((s +it) — f(s)| < 6} > 0.

Universality theorems have been established for various zeta and L-functions, and provide interesting consequences (see e.g.
[14], [18] and [21]).

As in Theorem B below, a similar universality property holds for every derivative {)(s). This theorem is shown in [12,
Theorem 1 and p. 89, I. 4], [13] and [15, Theorem 2 and Remark (i)]. Notice that the target function f(s) here is not necessarily
nonvanishing. Let N denote the set of positive integers.

Copyright: © 2026 the Author(s). This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution (CC-BY) 4.0 license (https://creativecommons.org/licenses/by/4.0/). Published by Al-Kindi Centre for Research and Development,
London, United Kingdom.
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Theorem B. Let v € N. Let K be a compact subset of D such that C\X is connected. Let f(s) be a continuous function on ¥ which
is holomorphic in the interior (if any) of X. Then for any € > 0 we have

1
iminf— . (D) iT) —
llTnlg}meeas {‘L’ €[0,T]: Isneajlgd{ (s+ir) f(s)| < e} > 0.

In [17] the author obtained Theorem C below. This theorem combines and improves Theorems A and B, and in fact provides a
simultaneous universality theorem for the Riemann zeta-function {(s) and its derivatives {U)(s).

In this paper, subsets K, ..., K, © C are said to be disjoint if K; N K;: is empty for any pair (j,j") with j # j'. As usual, let O (s)
denote {(s).

Theorem C. Let m € N. Let K, Ky, ..., Ky, be disjoint compact subsets of D such that C\X; is connected for each j = 0,1, ...,m. Let
fo(s) be a nonvanishing continuous function on X, which is holomorphic in the interior (if any) of K. For each j = 1, ..., m, let f;(s)
be a continuous function on X; which is holomorphic in the interior (if any) of X;. Then for any € > 0 we have

llmmf meas {r € [0,T]: max max|((’)(s +it) — f](s)| < E} > 0.
0<jsmseX

For a prime g, let X, denote the set of Dirichlet characters mod q. We have #X,; = q — 1. Let L(s, x) denote the Dirichlet L-
function associated to y € X,. As an analogue of Theorem A, Bagchi [1] and Gonek [7] independently obtained the universality
theorem for the family of Dirichlet L-functions {L(s, x): x € Xq} in the g-aspect (see Theorem D below). This theorem asserts,
roughly, that any nonvanishing analytic function can be uniformly approximated by some Dirichlet L-functions L(s, y) mod g,
where q is any sufficiently large prime. Notice that in Theorem A we consider the family of shifted functions {{(s + it): 7 > 0}. For
a related result, see [4], which deals with the case that the modulus of characters y is the power g of a fixed prime g, with n
sufficiently large. See also [16].

We now state the above theorem of Bagchi and Gonek in the modern form, which is shown in [16, Theorem 1] with » = 1 and
k, = 1. Let P denote the set of prime numbers.

Theorem D. Let 5 be a compact set in the strip D such that C\X is connected, and let f(s) be a nonvanishing continuous function
on X which is holomorphic in the interior (if any) of X. Then for any € > 0 we have

1
qllg}lggp W#{X € Xg: maxIL(s 0 —fs)l< e} > 0.

The present paper has two purposes. The first one is to establish Theorem 1 below. This theorem is a generalization of
Theorem D. Here, as usual, let L (s, y) denote L(s, x).

Theorem 1. Let m € N. Let K, X4, ..., Ky be disjoint compact subsets of D such that C\XX; is connected for each j = 0,1, ..., m. Let
fo(s) be a nonvanishing continuous function on X, which is holomorphic in the interior (if any) of K. For each j = 1, ..., m, let f;(s)
be a continuous function on X which is holomorphic in the interior (if any) of X;. Then for any € > 0 we have

i (0)) —f.
ql_lgl% WX, #{){ € Xyt 0‘1‘,%’51223"“ 5,0 f](s)| < E} > 0. (D

We now turn to the second main topic of this paper. For a meromorphic function f(s) on the complex plane € and a complex
number a, the zeros of the function F(s) : = f(s) — a are called the a-points of f(s). An a-point p of f(s) is said to be simple if

F'(p)(= f'(p)) # 0.

In [23] Voronin also obtained the following two theorems on a-points of {(s) and its derivatives.

Theorem E. Let m € N. Let Q be a region in C™ of positive Jordan measure such that (z, ..., zy) € Q implies 1/2 < Rez; < 1 for
anyj=1,..,m Letay,..,a, € C\{0} and h > 0. Then the number of solutions (sy, ..., Sm) to the system of equations

((51). = aq,
((Sm).z am

such that

N
(S1, »Sm) € U1{Q + in(h, ..., h)}
n=
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is greater than cN for all large N € N, where ¢ = ¢(Q, a,, ..., a;y, h) is some positive constant.

Theorem F. Let m € N. Let Q be a region in C™** of positive Jordan measure such that (zg, z, ..., Z,) € Q implies 1/2 <Rez; <1
forany j =0,1,..,m. Let ay € C\{0}, a4, ..., a,, € C and h > 0. Then the number of solutions (s, Sy, ..., Sm) to the system of
equations

{(so) = aq,
('(51_) = ay,

7 (5y0) =

such that
N
(S0sS1y - Sm) € U1{Q +in(h,h, ..., h)}
n=

is greater than cN for all large N € N, where ¢ = c¢(Q, ay, a4, ..., ay, h) is some positive constant.

According to the Riemann hypothesis, the zeros of the Riemann zeta-function {(s) in the critical strip should be on the
critical line. It is known that the Riemann zeta-function {(s) has infinitely many simple zeros on the critical line. This was first
proved by Heath-Brown and Selberg independently (see [9]). Garunkstis and Steuding [6, Theorem 2] first proved that, for any
complex number a, there are infinitely many simple a-points of {(s) with arbitrarily large imaginary part. Later, Gonek, Lester and
Milinovich [8, Theorem 4] showed Theorem G below on simple a-points of {(s) by using Voronin's original universality theorem
[24]. Further, in [17] the author also obtained a theorem which improves Theorems E, F and G. Notice that the a;-points in
Theorems E and F are not necessarily simple.

Theorem G. Let 0,,0, € Rwith 1/2 < 0, < 0, < 1, and let a € C\{0}. For T > 0, let N(T; a, 04, 0,) denote the number of simple a-
points of {(s) in the rectangle {s € C: 0, < Res < 05, 0 < Ims < T}. Then

N(T;a,04,05) >T asT — oo,
where the constant implied by > may depend on a, o, and o,.

The second purpose of the present paper is to investigate the existence and distribution of simple a-points for the family of
Dirichlet L-functions L(s, x) with y € X, and their derivatives. In fact, we establish Theorem 2 below. This theorem is an analogue
of a theorem in [17] mentioned above. We note that Theorem 2 is obtained from Theorem 1.

For sy € C and r > 0, let B(sq, ) denote the open disk {s € C: |s — s¢| < r}. A natural question is the following: Given an
arbitrary complex number a # 0 and an arbitrary open set B(s,, 1) € D, does there exist a Dirichlet L-function L(s, x) which has a
simple a-point in B(sy,7)? Theorem 2 answers this question in the affirmative.

Theorem 2. Let m,m',M € N. Suppose that aq, € C\{0} forany k = 1,..,m’ and that aj, € C foranyj =1,..,mand k = 1,..,m".
Suppose that sj, € D for any j = 0,1,...,mand k = 1,...,m". Let v > 0. For a prime q, let C;(m,m’, M, {a;;},{sjx},7) denote the set of
Dirichlet characters x € X, such that LY (s, x) has at least M simple a;x-points in B(sj,r) foranyj=0,1,..,mandk =1,..,m".
Then

. 1 ,
qllglg(zfp #—xq#{)( € Xyt x € Cq(m,m', M, {aji}, {spi}, )} > 0. (2)

The next corollary is immediately obtained from Theorem 2, by recalling that #X,; = q — 1. This result generalizes Theorem G
to the family of Dirichlet L-functions and their derivatives in the g-aspect.

Corollary 1. Let v be a nonnegative integer. Suppose that a € C\{0} ifv=0anda € Cif v # 0. Let sy € D and r > 0. For a prime
q, let €4 (v, a, s,,7) denote the set of Dirichlet characters x € X, such that L (s, x) has at least one simple a-point in B(s,,T). Then

#Cq(v,a,50,7) » q asq - cowithq €P,
where the constant implied by > may depend on v,a, s, and r.

Notation 1. In this paper, let C, R, N, and P denote the sets of all complex numbers, real numbers, positive integers, and prime
numbers, respectively. For a subset S of C, let S denote the closure of S and let S denote the boundary of S. For two subsets
Sy, S, of C, let dist(Sy, S,) denote inf{|s; — s;|: 51 € Sy, 5, € S,}. Let @ denote the empty set.
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2. Preliminary results

In the proof of Theorem 1, we will use some results concerning topology on the complex plane C. Lemmas 1, 3 and 4 below
are given and proved in [17]. However, since the paper [17] has not yet been published, we reproduce their proofs here for the
sake of completeness.

Lemma 1. Letn € Nwithn = 2. Let K, ..., K,, be disjoint compact subsets of C such that C\K; is connected for each j = 1, ...,n.
Then C\(UJ,K;) is connected.

Proof. We prove the lemma by induction on n. For n = 2, the assertion is Corollary 2 of [3] (see also Remark 3.1 of [19]).

Let m be an integer with m > 2. Assume that the assertion holds for n = m. We shall prove the assertion for n = m + 1. Let
K1, oo, K, K1 be disjoint compact subsets of C such that C\K; is connected for each j = 1,...,m,m + 1. Then, by assumption
and the definition of disjointness (given in Section 1), the set (C\(Uj";ll(j) is connected. The two sets U/, K; and K., are disjoint.
The set UL, K; is a compact subset of C. Therefore, applying Corollary 2 of [3] (with K = UL, K; and L = Kp,,1) again yields that

C\(UttK;) = €\ ((U}’;lKj) v Km+1) is connected. Thus the assertion holds for n = m + 1. This completes the proof. O

The next result is the well-known Jordan curve theorem.

Lemma 2. Let C be a Jordan curve (i.e., a simple closed curve) in the complex plane C. Then its complement C\C consists of exactly
two connected components. One of these components is bounded and the other is unbounded, and the curve C is the boundary of
each component.

As in Section 1, let D denote the set {s € C: 1/2 < Res < 1}. The next lemma is proved by using a well-known argument (see
e.g. [20]).

Lemma 3. Let K and L be disjoint compact subsets of C such that C\K is connected. Suppose that K c D. Then there exist an
integer N = 1 and rectifiable Jordan curves (actually, Jordan polygons) Cy,C,, ..., Cy in D such that K ¢ U}L,U; © UJ’-Vzlﬁj c D and
KnU;#0 forallj =1,...,N, and such that L and the closures U,,U,, ..., Uy are disjoint. Here, each U; denotes the bounded
connected component of C\(; (see Lemma 2).

Proof. Let B be an open disk centered at the origin with a sufficiently large radius such that K c B. By condition, L is contained in
the open set C\K, and C\K is connected (thus path-connected). Since K is bounded, the set C\K is unbounded. Therefore, we
can construct a path-connected compact set L’ such that L ¢ L' ¢ C\K and such that L' contains points outside B (that is, L' N
(C\B) # 0).

We put § = min{dist(K, L"), dist(K, dB), dist(K, D)} > 0. Consider a grid of closed squares in C such that the diagonal length
of each square is less than 6. Let K’ be the union of all squares in this grid which intersect K. Since K is compact, K’ is a finite
union of squares. Since the distance from any point in K’ to K is less than § < dist(K, L"), we have K' n L' = @. Similarly, since
that distance is less than § < dist(K,dB), we have K’ c B. Also, since that distance is less than § < dist(K, D), K' is contained in
D.

Let K" be the union of K’ and all bounded connected components (holes) of C\K'. Since L' is a connected setand K' n L' =
@ as above, L' is entirely contained within a single connected component of C\K'. Since K’ c B, all bounded connected
components of C\K' must lie entirely within B. Thus, since L’ contains points outside B, L' is entirely contained within the
unbounded connected component of C\K'. Hence L' is disjoint from all bounded connected components of C\K', which implies
K" nL = @. Therefore, since L c L', we have K" N L = @.

Any bounded connected component of C\K" lies entirely within the convex hull of K’ (otherwise, if a point in such a
component were outside the convex hull, it could be connected to infinity by a ray without intersecting K', contradicting that the
component is bounded). Since the open strip D is convex and K’ c D, that convex hull is completely contained in D. Hence it
follows that K" is also contained in D.

Since K" is a compact set formed by a finite union of closed squares, it consists of a finite number of connected components,
which are disjoint, say K;', K;', ..., Ky . By the construction of K", the complement C\K;" is connected for each j. By making
sufficiently small local adjustments to the boundary of each K’ to eliminate self-intersections where squares meet only at their
corners (if any), the boundary dK;" forms a simple closed polygonal curve, which is our desired Jordan polygon C;. Letting U; be
the interior of K;’, we have K < UjL,U; U}-":lﬁj c D. If there is any component U; such that K n U; = @, we can simply discard it.
Since K c U]’-"=1Uj, removing those components disjoint from K still leaves K fully covered by the remaining components. By
discarding such redundant components and relabeling them (letting N denote the new total number), we may ensure that K n
Uj # @ forall j = 1,..,N. We conclude that all ; are in D, K ¢ U/L,U; © U]’-V=1Fj cD,KnU; # @ forall j, and L and the closures
Uj are disjoint. This completes the proof. O
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Lemma 4. Letn € Nwithn = 2. Let Ky, ..., K;, be disjoint compact subsets of C such that C\K; is connected for each j = 1, ...,n
Suppose that K; € D foreachj =1,...,n. Then there exist integers Ny, ...,N, = 1 and Jordan polygons Cjy (j = 1,..,m; k =1,..,N;)
in D such that foreachj = 1,..,n, K; © U Ujr C Uk Uik €Dand K;nUjy, # @ forall k = 1, ..., N;, and such that all the
closures m G=1..mwk= 1, ..,N;) are dlSjOlnt. Here, each U;, denotes the bounded connected component of C\C;x (see Lemma
2).

Proof. We shall construct the required Jordan polygons iteratively for each j = 1, ..., n by applying Lemma 3.

First, we shall construct the Jordan polygons C; ; for K;. We put L, = U, K;. Note that L, is a compact set disjoint from K;.
By condition, C\K; is connected and K; c D. Therefore, by Lemma 3 (with K = K; and L = L,), there exist an integer N; = 1 and
Jordan polygons Cy , (k =1,...,N;) in D such that K; © U’,f;lULk c Ugilm cDand Ky NUyy, # @ forallk =1,...,N;, and such
that the closures m (k =1,..,N;) and L, are disjoint. Further, since K5, ..., K are disjoint and L; = U], K;, it follows that the
closures m (k =1,...,N;) and the remaining sets K, ..., K,, are disjoint.

Next, assume that for some integer m with 1 <m < n, there exist integers Nj, ..., N, = 1 and Jordan polygons Cj (j =
1,..,m; k=1,..,N;) in D such that foreach j = 1, .. chU ko chandKnqut(Z)forallk—l .,N;, and
such that all the closures U k(U=1,..,mk=1,..,N;)and the remalnlng sets K41, -, Ky are disjoint. We shall then proceed to
construct the polygons Cy, 1 for Km+1.

Let K; = U:’ﬂm foreach j = 1,...,m. We put

m ~
tmn = (U5) 0(, 0, 10). ®
Note that L,,+, is a compact set disjoint from K, ;. By condition, C\K,, is connected and K,,,,1; € D. Therefore, by Lemma 3
(with K = Ky, 44 and L = Ly, 4,), there exist an integer N,,;; = 1 and Jordan polygons Cy;11 4 (k = 1, ..., Nypyq) in D such that
Kms1 € UpT Upy1ie © URT Ui © D and Kppyq N Upyqy # @ forall k = 1, ..., Nppyq, and such that the closures Upy1y (k =
1,...,Npyq) and Ly, 4 are disjoint. Further, by assumption and (3), it follows that the closures U,yk G=1L..m+Lk=1.,N)

and the remaining sets K, ., ..., K;, are disjoint.
Repeating this iterative process form = 1,2,...,n — 1 yields the desired Jordan polygons C; ;. This completes the proof. O

The next result is a celebrated theorem of Mergelyan (see e.g. [5, p. 97, Theorem 1]).

Lemma 5. Let K be a compact subset of C such that C\K is connected. Let f be a continuous function on K which is holomorphic in
the interior (if any) of K. Then, for any € > 0, there exists a polynomial P such that

max|f(s) = P(s)| <e.

3. Proof of Theorem 1
We shall now prove Theorem 1. According to Lemma 4 (in which we take n = m + 1 and K; = K, ..., K, = X,,,), there exist
integers Ny, ..., N;,, = 1 and Jordan polygons C,k (=1,..,m; k=1,..,N;) in D satisfying the following two conditions: (i) for

eachj=1 mwehaveJCcU ko kCDandenUk;t(Z)forallk—l ., N;, and (i) K, andthesetsUk(]—
,m; k =1,..,N,) are disjoint. Here each Uy denotes the bounded connected component of C\Cj; (see Lemma 2).
Let €e>0 be arbltrary. By virtue of Lemma 5, we have polynomials p;(s), ..., bm (s) such that

E .
?é%lff(s) —pj(s)| < 3 foreachj=1,..,m. 4)

Every p;(s) is defined and holomorphic on C. Hence, for every j = 1, ..., m, there exist holomorphic functions (polynomials)
Pjj-1(5),pj j—2(8), ..., Pjo(s) on C such that

d d d 5
gpj,jq(s) =p;(s), %pj,j—z(s) =pjj-1(5), -, gpj,o(s) =p;1(5). (5)

Foreachj=1,..,mand k = 1,..., N;, we define the constant

by = .
ik $3§-|p1'0(5)| 6)
and the function

Page | 20



JMSS 7(5): 16-23

gik(s) =pjo(s)+ by +1, seC 7
Then by (5),
92 (s) = p;(s). (8)
We put
m Ni__
K=%ou (,-91,}31”1"«) <. )

Noting that ¥, and the m’s are disjoint, we define the function h on K by

fo(s) fOI’S Ej(o,

his):= {g]-k(s) fors €Uy (= 1,..,m; k =1,...,N)).

By (7) and (6) we see that the function g, has no zeros on m This and the condition on f, imply that

the function h has no zeros. (10)

Let us take a small positive real number ¢, such that

J! P €
Elength(cjk)eo max  |(z—s)"UD| < 3 an

ZEC]'k,SEKjﬂUjk

foranyj=1,..,mandk = 1,...,N;, where length(Cj,) denotes the length of Cj;, and such that

< (12)
€ <3

According to Lemma 2 and the definition of Uy, the set (C\@ is the same as the unbounded connected component of C\Cj
for any j, k. Thus, in particular,

C\Uj, is connected for any j, k. (13)

By condition, C\X, is connected. Recall that X, and the Uy, 's are disjoint compact subsets of C. Therefore, (9), (13) and
Lemma 1 imply that

C\K is connected. (14)

Using (14), (10) and Theorem D, we obtain the following approximation on K:

o 1
ql_l)lg.}'lélefp #_Xq# {){ € Xg: I}Lz}?(lL(s,)() —h(s)| < eo} > 0. (15)

Let q be a large prime. Suppose that y is an element of X, satisfying

max|L(s, x) — h(s)| < €. (16)
Then by definition (9),
max|L(s, ) = fo($)] < € (17)
and
max maX|L(s,)() - gjk(s)| < €, (18)

1Sj5m,15kSNjSECjk
since Cj = dUj, < Uy, by Lemma 2.

By (8), Cauchy's integral formula for derivatives, (18) (in which we replace s by z) and (11), we see that y satisfies the following:
foranyj=1,..,mand k =1, ...,N; and uniformly for s € X n U (+ 0),
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L9, —p;(8)] = [LO .0 — gD )|

L}g Lz x) — gjx(2)
2miJe,  (z—s)*t

dz

< —
T 2m 2€EC;k,SEX;NU ji
€
<=.
3
Since X UI:ilUjk forany j =1,...,m, it follows from (4), (17), (19) and (12) that y satisfies
0))] — f.
Jmax Isggg]?ll (s, 0 = f;(s)|

< - W(s,x) — f
< maxlL(s, 1) = o) + max max|LD (s, 1) ~ f;(5)]

. €
< — (6)) —p. —
< maxlL(s, ) = fo(o)| + 12}-‘1’7%?%%’5“ 520 —pi)| +3
<E.

This and (16) imply that

9" o<jsmse

{){ € X,: max m%x|L(j)(s,)() - fi(s)| < e}
j
> {xex, max|L(s, ) = h(s)| < €},

from which and (15) we obtain (1). Theorem 1 is proved.

4. Proof of Theorem 2

We shall now prove Theorem 2. Let us take complex numbers zj,; (j = 0,1,..,m; k=1,..,m'; |

positive real number § < min, c,<,’laor| such that
B(zjx1,8) € B(sjx,v) and B(zj,6) €D foranyj,k,l
and such that
the sets m are disjoint.

For each j = 0,1, ..., m, we put

m M _
:K} = kL;JllLJlB(ijl’ 6) cD

and define the function f; on X by
f](s) =S5 - ijl + ajk fors e B(ijl' 5)

in view of (21).

! .
] length(Cjk);relgﬁL(z,)() - gjk(z)| max |(Z — S)—(1+1)|
J

1,..

(19

,M) and a small

(20)

(21)

(22)

(23)

Since § < miny cpopylaoi |, the function fy(s) has no zeros on X,. By (21), the sets X (j = 0,1, ..., m) are disjoint. Thus it

follows from Theorem 1 that

L 1 .
liminf W#{X € Xg: max m;a()jglL(f)(s,)() - f](s)l < 8} > 0.

q—,q€eP 0<j<mseE

q

Let q be a large prime. Suppose that y is an element of X, satisfying

max max|LU)(s,)() - fj(s)| < 4.

0<jsmseX;

(24)

(25)

We fix any integers j,k,l with0 < j <m,1 <k <m’,1 <1< M. Then by (22), (25) and (23), for any s € dB(zj, §) we have

|(LD (s, 0 = @) = (f(5) — a)| = |LD (5,20 = £;(5))]

<é§= |S_ijl| = |f](s) - ajk|.
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The function f;(s) — ajx = s — zj; has only one zero, counted with multiplicity, in B(zj,, §). Hence by Rouché’s theorem, the
function LY (s, x) — ajx has a zero of multiplicity one in B(zj, §), which implies that the function LU)(s, ) has a simple aj.-point
in B(zjx, 8). Therefore by definition, (20) and (21), we have

X € Cq(m,m', M, {a;}, {sjx}, 7).

This, (25) and (24) yield (2). Theorem 2 is proved.
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