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| ABSTRACT

In [Ungar 2008; Ungar 2015] A.A. Ungar, employs the Einstein gyrovector spaces for the introduction of the gyrotrigonometry,
Ungar's and other researcher’s works play a major role in translating some theorems from Euclidean geometry to corresponding
theorems in Einstein gyrovector spaces. In Euclidean geometry, the sum of the squares of the lengths of opposite sides of convex
or concave quadrilaterals whose diagonals intersect perpendicularly is equal to each other. In this paper, we present this theorem
in Einstein gyrovector spaces in terms of gamma factors.
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1. Introduction

Hyperbolic geometry appeared in the first half of the 19t century. It is also known as a type of non-Euclidean geometry. Although
Euclidean Geometry and Hyperbolic Geometry have common concepts as distance, angle, both these geometries have many
different. Hyperbolic Geometry has many models such as: Poincare’ disc model, Einstein relativistic velocity model, etc.

Einstein gyrovector spaces form the algebraic setting for the Beltrami-Klein ball model of Hyperbolic Geometry, just as vector
spaces form the algebraic setting for the standard model of Euclidean Geometry.

Let c be the vacuum speed of light, and let
R ={veR’:|v|l <c} (1.1)

be the c ball of all relativistically admissible velocities of material particles. Einstein addition in c-ball is given by the equation

udv =;{u+v+i 1 (ux(uxv))} (1.2)

wy 2
1+5 c2 14y,

for all u, v € R3, where u - vis the inner product that the ball R3 inherits from its space R3,u x vis the vector product in R? c R3
and where v, is the gamma factor

>1 (1.3)

in the c-ball.
Owing to the vector identity,

xxy)xz=—(y-2)x+ (x-2)y (1.4)
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forall x,y,z € R3, Einstein addition (1.2) can also be written in the form

=_1_ ol (.
udv = P {fu+ Ut aT, (u-v)v} (1.5)

which remains valid in higher dimensions. Einstein addition (1.5) of relativistically admissible velocities was introduced Einstein in
1905.

In this paper, we study in an Einstein gyrovector space who was introduced by A. A. Ungar [2008, 2009, 2015].

2. Preliminaries
Definition 2.1. A groupoid(G,®) is a gyrogroup if its binary operation satisfies the following axioms. In G there is at least one
element, 0, calledleftidentity, satisfying

0ba=a

for all @ € G. There is an element 0 € G for each a € G there is an element © a € G, called a left inverse of a, satisfying
O a®a = 0.

Moreover, for any a, b, ¢ € G there exit a unique element gyr[a, b]c € G such that binary operation obeys the left gyroassociative
law

a®(béc) = (adb)®gyrla, b]c.
The map gyr:G — G is given by ¢ » gyr[a, b]cis an automorphism of the groupoid (G,®), that is,
gyrla,b] € Aut(G,®)

and the automorphism gyr[a, b] of automorphism of G is called the gyroautomorphism ofG generated by a, b € G. Finally, the
gyroautomorphism ofG generated by a, b € G possesses the left loop property

gyrla,b] = gyr(a @ b, b].
Additionally, if the binary operation “@ " obeys the gyrocommutative law
a®b = gyr(a, b](bda)
for all @, b € G, then (G,®) is called a gyrocommutative gyrogroup.
Definition 2.2. Let V be a real inner product space and let V be the s-ball of V,
Ve={weV:|v|<s},
where s > 0 is an arbitrary fixed constant. Einstein addition @ is a binary operation in V; given by the equation

Yu

1 1 1
udy =——z{u+—v+—= (u-vv
1+ t—:{ Yu s21+y, }

where v, is the gamma factor
1
= ——=21
2
1

52
in the s-ball Vg, and where - and || || are the inner product and norm that the ball V; inherits from its space V.

Einstein addition satisfies the mutually equivalent gamma identities

u

Yuov = Yulv (1 + S.Zv)

and

Youev = Yulv (1 - us.zv)

for allu,v € RY.
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When the nonzero vectors uand vin the ballR}of R™are parallel in R", u || v, that is, u = Avfor some 0 # 1 € R, Einstein addition
reduces to the Einstein addition of parallel velocities

® u+v
UDV = ——ommon
1+ IIuIIIZIvII
S
Hence,
[lall + Il
lul®llvll = —Fmmr
1+ 2

for all u, v € R%. In this case, Einstein addition is both commutative and associative.

In the Newtonian limit, s — oo, s-ball R} expands to the whole of its space R™, and Einstein addition @ in R} reduces to vector
addition + inR™.

Theorem2.3.(R},®) Einstein groupoid is a gyrocommutative gyrogroup.
Some gyrocommutative gyrogroups admit scalar multiplication, giving rise to gyrovector spaces.
Definition 2.4. A (G,®,®) gyrovector space is a gyrocommutative gyrogroup (G,@®)that obeys the following axioms:

1. gyrluvl]a- gyrlu,vlb = a - bfor all points a, b, u,v € G.
2. G admits a scalar multiplication, & , possessing following properties. For all real numbers r,7;,7, € R and all points
anda € G:
° 1®a=a
e (n+1)®a=nRa)d (r,®a)
o (|r|1r2)®a =nQ(r,Qa)
rI®a a
”r®a”=ma¢0 , 7T#0
e gyr[u,v](r®a) = r @ gyr[u, v](a)
o  gyr[n®v,nev] =1
3. Real vector space structure (||G||,®,&) for the set ||G|| of one-dimensional “vectors”
IGll = {+llall: a€ G} c R
with vector addition @ and scalar multiplication ®, such that forall r€ Rand a,b € G,
e |r®all = |r|Qllall
e |la®bl < |lall®llbll

Theorem?2.5. An Einstein gyrovector spaceR¥ = (R¥, ®,®) is an Einstein gyrocommutative gyrogroup (RY, @) with scalar
multiplication ® given by

1+ - (-1, Ll v
(1 " ”f]")r " (1 - @)rm = stanh(rtanh 1T)m
S

N

rQU =s=s

Definition 2.6. Let R} = (R}, ®,®) be an Einstein gyrovector space. Its gyrometric is given by the gyrodistance function
dg: R xR} — R*0 == {r e R:r = 0},

dg(a,b) =11©a® bl =1bO all
where dg (a, b) is the gyrodistance of aand b.

The unique Einstein gyrolineL,z that passes two given points A and Bin an Einstein gyrovector space R} = (RY, @, ®) is
represented by the equation

Lig=AD(OADB)RL
t € R. Gyrolines in an Einstein gyrovector space R} = (R}, @, ®) turn out to be well-known geodesic of the Beltrami Klein ball

model of hyperbolic geometry.
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3. Some Gyrotrigonometric Identities
Let 4, B, C € RY be three distinct points and © A @ B, © A @ Cbe two rooted gyrovectors with a common tail A. They include the

gyroanglea = 2BAC = £CAB, the radian measure of which is given by the equation

OADB | _OABC_ 3 1)
leadBll lleascl
Definition 3.1. A gyrotriangle ABC in an Einstein gyrovector spaceRY = (R}, ®, ®) is a object formed by the three points
A,B,C € RY, called the vertices of the triangle, and the gyrovectors © A@® B, © B @ Cand® C @ A, called the sides of the
triangle.These are respectively, the sides opposite to the verticesC,Aand B. The gyrotriangle sides generate the
threegyrotrianglegyroanglesa, Bandy at the respective vertices A, B and C.

cosa =

Gyrotrianglegyroanglesum in hyperbolicgeometryislessthanm. The difference, 6,
S=nm—(a+B+Y) (3.2)
being the gyrotriangulardefect.

Theorem 3.2. Let ABCbe a gyrotriangle in an Einstein gyrovector spaceRY = (R%, ®, ®), with vertices 4, B, C € R¥,and sidesc =
©A®B,a=6B® Candb =6 € @ A,withgyroanglesa, Bandy at the vertices A, B and C.Thenwe have the law of cosines

Ye = Ya¥p(1 — bscscosy) (3.3)
wherea = ||al|,b = ||b]|,c = ||c|landbs = b/s, etc.

Definition 3.3. A right gyroangley is a gyroangle measuring % radians.

Theorem 3.4.A gyrotriangle ABC in an Einstein gyrovector spaceR} = (R}, ®, ®) is a right gyrotriangle with gyrolegs a, band
gyrohypotenusec, if and only if
Ye = Ya¥- 34)

Theorem 3.5. Let ABCbe a right gyrotriangle in an Einstein gyrovector spaceRY = (R¥, @, ®) with the right gyroangley = r/2.
Thenwe have two distinct Einsteinian-Phytagoreanidentities

2
a? + (1) p? = 2 (3.5)
2
Ya 2 2 _ .2
(&) a?+b2=c (3.6)
with hypotenusec and legs a and b.

4. Application of Einsteinian-Phtagoreanlidentities
As an application of gyrotrigonometryin an Einstein gyrovector spaceR} = (RY, @, ®), we verify the following theorem:

Theorem 4.1. Let ABCbe a gyrotriangle in an Einstein gyrovector spaceRY} = (RY, @, ®), with vertices 4, B, C € R},and sidesc =
©A®Ba=5B®Candb =6 C P AWe suppose that the orthogonal projections ofsideshand a on side cof the
gyrotrianglearec; =6 A @ D and ¢, =& B @ D respectively, and Eis an arbitrary point on the gyroline segment €D.Then

(a2 ©m?»)Ry?Z = (b? O kH)QyE.
wherea = |©OB@® Cl,b=l©CDAl,c=11©AD Bl m=||©SE®BI, k=S E Al
Proof : For simplicity, let

a=I10A@Dlc;=lloB®DIlx@y=10CODDIy=ISESDI

be gyrolenghts of gyrovectors© A @ D,© B @ D,© € @ Dand © E @ D. For the right gyrotriangles ADCand ADE, by the (3.6),
we have

(22’ @x ©3)? @ cf = b2(4.1)

Yb

and
2
(&) ®y* @ cf = k2.42)
Yk
From (4.1) and (4.2), we obtain that

(22) o ®y)? 0 (%)2 ®y* =b* O k*(43)

Yb

Similary, for the right gyrotriangles BDCand BDE, by the (3.6), we have
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(L2) ok @y)? @ i = a*(44)

Ya

and
2
oo d=niins
Ym
We have by (4.4), (4.5)

(L2) @ @y 0 (L) y? = 2 @ m?46)

Ya Ym

Hence by, (4.3) and (4.6), we have

vvh 2 V3¥E o _ b2 k2)y2 2 2)2(4.7
6y—l§®y ©-2y = (b* © k?)y, © (a®* ©m*)yZ(4.7)

On the other hand, from Theorem 3.4, for the right gyrotriangles BDC,BDE, ADC,ADE, we get

2 2 2
w_1 Ya _ _1 v _ 1 ¥ _ .2 (4.8)
o v Yey W Wh vh ROvT

These equations imply that

1 1
o (y—zyl?) ®y? @D (y—z)q%) ®y? = (b2 O k)R 6 (a? © m?)®y2

and
O Viay®y* © vigy®y* = (b © kH)®y; © (a> © m)®YZ.
Then we obtain
(a> ©m?)®ys = (b* © kH)®y;.

5. Conclusion
The Einstein relativisticvelocitymodel is a model of hyperbolicgeometry. Many of theorem of Euclideangeometry are
relativelysimilarform in the Einsteinrelativisticvelocity model is a model of hyperbolicgeometry. In Euclidean geometry, the sum of
the squares of the lengths of opposite sides of convex or concave quadrilaterals whose diagonals intersect perpendicularly is equal
to each other, that is,

a? —m? = b — k? (5.1)

In an Einstein gyrovector spaceR? = (R%, @, ®) for agyrotriangle, a ABC with vertices 4, B, C € R¥,and sidesc =6 A® B,a=06
B ® Candb =© € @ A. (5.1) turns to
(a2 ©m?»)Ry?Z = (b? O kH)QyL.
wherea=||©B®C|,b=16CPA|,c=1©ADB|,m=|©E®B|,k =6 E ® A|l. In the Euclideanlimit, of large s, s > oo,
gamma factor y, reduces to 1, gyroequalty in Theorem 4.1 reduces to the
a2 _ mZ — bZ _ kZ
inEuclideangeometry.
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