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| ABSTRACT

This study introduces a numerical approach for solving Cauchy and integral equations using the Chebyshev pseudospectral
method. The approach involves approximating the solution with an Nth-degree interpolating polynomial based on Chebyshev
nodes, followed by problem discretization through a cell-averaging technique. The main properties of the Chebyshev
pseudospectral method are discussed and explained to simplify the computation of Cauchy and integral equations into a system
of algebraic equations. Several examples are presented to validate the method and to show how the method is computationally
efficient, and to prove its effectiveness.
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1. Introduction

The class of solution procedures based on orthogonal polynomials is called spectral methods. They may be applied in different
ways, including the tau, Galerkin, and collocation approaches, which have been proposed as potential strategies [1]. Among them,
the most useful for computational reasons is the collocation method, also called the pseudospectral method. But in pseudospectral
methods, the selected nodes must be the zeros of the derivatives of the classical orthogonal polynomials within the interval [-1,1],
including endpoints. They are typically obtained from Legendre or Chebyshev polynomials.

Hallen [2] derived his now well-known integral equation in 1956 to provide an exact analysis of wave reflection of the current at
the termination of a cylindrical tube-shaped antenna, although his early work on the subject was as early as 1938 [3]. With this
equation, he was able to show that the current distribution on thin wire is sinusoidal in character and travels at approximately the
speed of light. Hallen's integral equation is of the first kind of Fredholm integral equation.

The formula for a slender cylindrical antenna, which has a length of 1 and a radius much smaller than 1, is expressed as follows:

[/ K G107y = 2= sin(Ble'D + A cos(Bx') M)

There exist a pair of options for K(x',y"). These two kernels are commonly known as the precise and the simplified or diminished
kernel. In the case of the simplified kernel, the integral equation does not yield a solution.
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Despite this, the identical numerical technique is frequently utilized for both variations of the previously mentioned Equation (1).
The estimated kernel employed in this research is described by.

1 e-iB/G-yN*+a?
K(,y) = e

TJ(x'—y')? +a?
The parameters mentioned in Equations (1)—(2) are explained in detail in [4], such that the voltage parameter VV does not exceed
realistic values in any electrical scenario, considering a steady-state case as an example [4].

@)

The other associated studies refer to initial boundary value problems of the subdiffusion type with spectral Galerkin methods in
time and finite element [5] or finite difference [6] in space. They develop effective approaches for addressing singularities with
significant improvement in the rate of convergence.

One of the most significant advantages of wavelets is their ability to remove or diminish singularities, as described in [7]. Wavelet
bases have been extensively used for alternative representations of differential and integral operators [8], permitting more effective
analysis of the governing equations. Wavelet bases have great advantages in numerical analysis, particularly in adaptive
discontinuous Galerkin schemes [5], collocation schemes [9], and related schemes. As a case in point, Researchers in. [10] employed
the Caputo fractional derivative and the Legendre wavelet method for solving differential equations and transformed the problem
into solving algebraic equations and reducing it to finding unknown coefficients. Similarly, in [11], researchers integrated spectral
schemes into finite element schemes with high-degree piecewise polynomial basis functions. This technique enhances accuracy
with either increasing the spectral order or mesh refinement (hp method). hp-mesh schemes have quicker convergence with fewer
degrees of freedom than conventional finite element schemes. hp methodology has limitations for complicated geometries.

Fractional calculus and fractional differential equations have wide-ranging applications in numerous scientific and engineering
fields including material science of mechanical engineering, anomalous diffusion, robotics and control, signal processing, systems
identification, friction modeling, wave propagation, turbulence, and fractal media seepage [12-14]. There are numerous equivalent
definitions of fractional derivatives such as the Griwald-Letnikov, Riemann-Liouville, and Caputo fractional derivatives [15].

2. Chebyshev Pseudospectral Method

The Chebyshev pseudospectral technique represents a specific instance within a broader category of spectral techniques. The
fundamental approach of these techniques consists of two key phases: the first involves selecting a finite-dimensional space,
typically a polynomial space, from which an approximation to the solution of a differential equation is derived. The second phase
requires the selection of a projection operator that enforces the differential equation within the finite-dimensional space. A
significant characteristic of spectral techniques is that the foundational polynomial space is composed of orthogonal polynomials
that are globally differentiable without limits. Notable examples of these orthogonal polynomials include Legendre and Chebyshev
polynomials, which maintain orthogonality over the interval [—1,1], with respect to a suitable weight function w(x) =1 for
Legendre polynomials and w(x) = (1 — x2)-/2) for Chebyshev polynomials).

Let Py represent the set of algebraic polynomials with a maximum degree of N. and let T,,(x),m » 0,—1 < x < 1, Identify the
orthogonal set of Chebyshev polynomials of the first kind within this context, considering the associated weight function

w(x) = (1 —x2)1/2),

We opt for the points on the grid (for interpolation) to be.

LAY
Xj = cos (ﬁ)’ j=01,-,N 3)

Chebyshev polynomials of order N. Ty(x),x € [-1,1]. These points are xy = -1 <xy — 1< - <x; < xy =1, also views as the
zeros of (1 — x?)Ty(x), where Ty (x) = dTy()/dx.

To create the interpolation for a given function f(x) at the pointx € [-1,1] and k = 0,1, -+, N, We establish the subsequent Lagrange
polynomials.
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_(CDMIA - ATE 2 N TEITE)
Pr(x) = cNZ(x — xp) - a & g 4)

Which ¢g = cy =2 and ¢; = 1,j = 1,2,--,N — 1. It is readily verified that

or(x;) = O (5

Associated with the N 4+ 1 Chebyshev points, which are specific grid locations, correspond to a distinct polynomial of degree N
that serves as a projection operator Iyf(x).

N
NGO = ) $yGIf(x) (6)
=0

In a manner that Iyf(xy) = f(xx), k = 0,1,---,N. On the other hand, the polynomial used for interpolation Iyf(x). The chosen
expression can be represented through the series expansion of traditional Chebyshev polynomials.

N
NGO = ) TF(x) @
i=0

where

i T, (%) f (x,)

A 2
F(x) = Ng c

r=0

It is widely recognized that operators related to spectral projections, for instance, Iy, chosen points according to Chebyshev's
criteria. x; In comparison to those that rely on similar grid points, the subjects in question exhibit better behavior. Evidently, IN is
a linear projection operator on C[—1,1], the banach space of continuous, realvalued function on [—-1,1].

Here, we will employ the Chebyshev integration method based on cell-averaging. This principle indicates that there is a certain
existence of an N x (N +1) matrix Rj,1 < j < N,0 < k < N such that for all f € C*[-1,1], r > 0, we have

1 M N

f—1 f(x)dx = Z f:"‘l f(x)dx = Z (Xj-1 — xi)fj_%

J j=1

v W ©
= Z (xj-1 — x1) Z R f(x1)
j=1 k=0
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Now let that

N

wy = Z (%5-1 = )Ry

j=1

then the Equation (9) can be written as

Where the cell-averages

>

1,3, 2N
2 2 2

(am

are related to f(x,), f(x), -, f (xy) throught the matrix Ry, 1 < j < N,0 < k < N. The entries of the cell-averaging matrix R, 1 <

j<N,0<k<N are given by

N

where

and also we have that

- o-r—ZUr—z (X)]

1 LI CANE
O LR AHCOUASRY
r=2

Ck
Which

. r+1
Sin (— 71')
2N

r=m, Ur(x) =

r+1

Cr

Tr+1(x)

(12)

(14)

(15)
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3. Numerical Approximation
First, we introduce the transformations x' = £/2x and y’ = £/2y. The proposed integral equation and the initial point I(—£/2) =
1(£/2) = 0 can be represented as

£t £ ¢
EJ-_lK(Ex,Ey)I(y)dy=f(x), -1<x<1 (16)
and
I(-1)=1(1)=0 a7
where
f(x)=LVsin<,B|£x|>+Acos(ﬁfx> -1<x<1
24, 2 27)

When x =y, the kernel in Equation (16) exhibits a pronounced peak, especially when the value of 'a' is small. Consequently, from
a computational perspective, it would be beneficial to separate and extract the singularity from the kernel. This can be achieved
by expressing it in a different form such that K(£/2x,¢/2y) as

K(f {))—K<{) f)+1(<f f) (18)
202Y) T 3027 T s (3027

Where K, (£/2x,4/2y) and K(£/2x,4/2y) denote the nonsingular and singular parts of kernel K, respectively and are given as:

i [, 2 (19)
b v
K (t’ f )_ 1 1
s\2%2%) Tan 2 (20)
Gr-3v) +a

Utilizing Equation (18) allows us to reformulate Equation (16).

1

gfl K (gx’gy) 1»)dy +§f o (§X;Y>I(y)dy =f),-1<x<1 1)

The function being integrated in the initial Equation (21) is stable and can therefore be computed using numerical methods.
Conversely, the function in the second term of Equation (21) has a singular point and will be computed in the manner described
below. Let
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2] ko (5x5y) 100y = 5.0+ 5,0 @2)
where
51(x) = gfl K (;xéY) (1) = 1)1 (dy (23)
and
5,00 = 1(x) f_ 11 K, (gxéy) dy (24)

The function being integrated in Equation (23) exhibits good behavior, and the integral presented in Equation (24) is computable.

1o 1/(lx—l)2+4a2+lx—l
e = [ K (5x57)dy (25)
AV 14 JUx—D? +4a2 —lx - 1
In view of Equations (18) the integral term can be expressed as
£t £ £ e (! £ £
Ef Kn (Zx 2y)l(y)aly +5 f Ks (EX’§y> (I = 1(0)dy
- (26)

+El(x)H(x)=f(x), -1<x<1

We will now break down Equation (24) utilizing the Chebyshev pseudospectral technique. In this approach, Equation (6) is
employed for approximation.

N
10) =) $@I0) @)
=0

Where y; and ¢;(y) for 0 <j < N, respectively are given Equations (3) and (4). A point-matching scheme is established by
substituting Equations (25) into (24) and evaluating the result at the points x; for 0 < k < N given in Equation (3). This provides
us with

xk, qb, WI(y;)dy +

N o
IIMZ ||M2
o o

N o

J Xk, (¢] (Y)I(y,) - I(Xk)) (28)
f

El(xk)H(Xk) = f(Xk) k= 0 1 N

Where we used I(xy) =0, I(x;) = I; for 0 < j < N. Furthermore, since the integrals in Equation (28) are well behaved, by using
cell-averaging approximation of integrals in Equation (11), we approximate the Equation (28) as follows
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N N

{’Z £ 4 €Z £ 4 £

E I]W]Kn (EXk,Eyi) + E (I] - Ik)WiKS (EXk,Eyj) + EI(Xk)H(Xk) = f(Xk),k = 0,1, sees N
j=0 j=0

By solving the system of linear Equation (27), we can find J; for j = 0,1,---,N — 1.

4. Results and Discussion

This research presents a numerical case to demonstrate the effectiveness and advantages of this method. This instance provides
information for two chosen wire lengths as examples of integral equations and one metal piece as an example of Cauchy equation,
encompassing unique scenarios of practical significance., e.g 1 =2, 1 = /2, and | = 1/4 respectively. The scales of electrical flows
I(y) are shown for N = 5,10 and 20 in Figures 1 to 3, respectively. As illustrated in Figures 1 to 3, the solution approaches
convergence quickly as the values of N are increased.

1g°% The magnitude current I(y)

18

14

0.4

N=5
e N=10
N=20

Figure 1: The scales of electrical flows I(y) forI = 4

108 The magnitude current I(y)
' T
e =5
N=10
o - N=20 |

0.2 04 06 08 1

Figure 2: The scales of electrical flows I(y) for[ = 1/2
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10° The magnitude current I(y)

Figure 3: The scales of electrical flows I(y) for I = /4

5. Conclusion
The paper studied a novel approach for dealing with integral and Cauchy equations using Chebyshev polynomial as a tool for the
derivation of the approach. Three examples were presented and the results showed that the proposed method is effective. For the
validation of the proposed method, a variety of magnitude currents I(y) were taken, and in each one the convergence is verified.
This study can be extended in future to deal with fractional order equations and to be applied on a variety of applications in many
different fields.
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